BALANCED METRICS AND CHOW STABILITY OF 
PROJECTIVE BUNDLES OVER KAHLER MANIFOLDS 

REZA SEYYEDALI 

Abstract. In 1980, I. Morrison proved that slope stability of a 
vector bundle of rank 2 over a compact Riemann surface implies 
Chow stability of the projectivization of the bundle with respect 
to certain polarizations. Using the notion of balanced metrics and 
recent work of Donaldson, Wang, and Phong-Sturm, we show that 
the statement holds for higher rank vector bundles over compact 
algebraic manifolds of arbitrary dimension that admit constant 
scalar curvature metric and have discrete automorphism group. 



1. Introduction 

A central notion in geometric invariant theory (GIT) is the con- 
cept of stabihty. Stabihty plays a significant role in forming quotient 
spaces of projective varieties for which geometric invariant theory was 
invented. One can define Mumford-Takemoto slope stability for holo- 
morphic vector bundles, and also there is a notion of Gieseker stability 
which is more in the realm of geometric invariant theory. It is well- 
known that over algebraic curves, all of these different notions coincide. 
It was known from the work of Narasimhan and Seshadri that a holo- 
morphic vector bundle over a compact Riemann surface is poly-stable if 
and only the bundle admits a projectively flat connection. The picture 
became complete with the later work of Donaldson, Uhlenbeck and Yau 
( |Dlj . [D2j [U Yj ) . They proved that over a compact Kahler manifold, 
a holomorphic vector bundle is poly-stable if and only if it admits a 
Hermitian-Einstein metric. This is known as the Hitchin-Kobayashi 
correspondence. By a conjecture of Yau, one would also expect such a 
correspondence for polarized algebraic manifolds. In other words, the 
existence of extremal metrics on such a manifold should be equivalent 
to being stable in some GIT sense. In |Zh] , Zhang introduced the con- 
cept of balanced embedding and proved that the existence of balanced 
embedding of a polarized algebraic variety is equivalent to stability of 
Chow point of the variety. Zhang's result has been reproven by Lu 
in [L] and Phong and Sturm in [PSlj . The same correspondence was 
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proven for vector bundles by Wang in [WlJ. Later in jD3| . Donaldson 
proved that the existence of constant scalar curvature Kahler metrics 
implies existence of balanced metrics and hence asymptotic Chow sta- 
bility. The converse is not yet known. 

Earlier, in [Mj, Morrison proved that for the projectivization of a 
rank two holomorphic vector bundle over a compact Riemann surface, 
Chow stabihty is equivalent to the stabihty of the bundle. Using ideas 
from the recent research discussed above, in this article we generalize 
one direction of Morrison's result for higher rank vector bundles over 
compact algebraic manifolds of arbitrary dimension that admit con- 
stant scalar curvature metric and have discrete automorphism group. 

To state the precise result, let X be a compact complex manifold of 
dimension m and vr : — > X a holomorphic vector bundle of rank r 
with dual bundle E*. This gives a holomorphic fibre bundle FE* over 
X with fibre P''"^. One can pull back the vector bundle E to FE*. We 
denote the tautological line bundle on FE* by Op^. (— 1) and its dual 
by OfE* (1). Let L — > X be an ample line bundle on X and u G 27rci(L) 
be a Kahler form. Since L is ample, there is an integer so that for 
any k > ko, (9p£;*(l) is very ample over FE*, where E^ = E ® L®^. 
Note that FEl = FE* and Opi?-(l) = Cpe.(1) ® vr*L^. The theorem 
we shall prove is the following: 

Theorem 1.1. Suppose that Aut{X) is discrete and X admits a con- 
stant scalar curvature Kahler metric in the class of2nci{L). If E is 
Mumford stable, then there exists ko such that 

(PE*,Cpi5*(l)®7r*L'=) 

is Chow stable for k > kQ. 

One of the earliest results in this spirit is the work of Burns and De 
Bartolomeis in [BD]. They construct a ruled surface which does not 
admit any extremal metric in certain cohomology class. In [HI] , Hong 
proved that there are constant scalar curvature Kahler metrics on the 
projectivization of stable bundles over curves. In |H2] and [H3], he gen- 
eralizes this result to higher dimensions with some extra assumptions. 
Combining Hong's results with Donaldson's, {FE*,OpE:f^{n)) is Chow 
stable for m,n ^ when the bundle E is stable. Note that it differs 
from our result, since it implies the Chow stability of (FE*, OpE^{n)) 
for n big enough. 

In |RTj . Ross and Thomas developed the notion of slope stability 
for polarized algebraic manifolds. As one of the applications of their 
theory, they proved that if [FE*, Op£;*(l) ® tt*L^) is slope semi-stable 
for k ^ then is a slope semistable bundle and (X, L) is a slope 
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semistable manifold. Again note that they look at stability of ¥E* with 
respect to polarizations Cp^*^(r;,) for n big enough. For the case of one 
dimensional base, however they showed stronger results. In this case 
they proved that if (FE*, CpE*(l) ®7r*L) is slope (semi, poly) stable for 
any ample line bundle L, then is a slope (semi, poly) stable bundle. 

In order to prove Theorem 1 1.1 1 we use the concept of balanced metrics 
(See Definition 12.11) . Combining the results of Luo, Phong, Sturm and 
Zhang on the relation between balanced metrics and stability, it suffices 
to prove the following 

Theorem 1.2. Let X be a compact complex manifold and L ^ X be an 
ample line bundle. Suppose that X admits a constant scalar curvature 
Kdhler metric in the class of 27rci(L) and Aut{X) is discrete. Let 
E —>■ X be a holomorphic vector bundle on X . If E is Mumford stable, 
then OpE*{^) ® n*L^ admits balanced metrics for k ^ 0. 

The balanced condition may be formulated in terms of Bergman 
kernels. First, we show that there exists an asymptotic expansion for 
the Bergman kernel of {FE*, (9p£;.(l) ®7r*L''). Fix a positive hermitian 
metric o" on L such that Ric{a) = u. For any hermitian metric g 
on OpE*{^), "we define the sequence of volume forms dfig^k on FE* as 
follows 

(, , _|_ k-TT*, ,\m+r-l ,m+r-l-j * j 

(m + r — 1)! (m + r — jj! j! 

where Ug = Ric{g). 

Let pk{g,uj) be the Bergman kernel of H^{FE*, Cp£;.(l)(g)7r*L'') with 
respect to the L^-inner product L'^{g (g) a'^^, dfik,g)- We prove the fol- 
lowing 

Theorem 1.3. For any hermitian metric h on E and Kdhler form 
uj G 2'KCi{L), there exist smooth endomorphisms Bk{h,uj) such that 

Pk{g,uj){[v]) = C;Hr{X{v,h)Bk{h,uj)), 

where g is the Fubini-Study metric on OpE*{l) induced by the hermitian 
metric h. Moreover, 

(1) There exist smooth endomorphisms Ai{h,uj) G r{X,E) such 
that the following asymptotic expansion holds as k — > oo, 

Bk{h,uj) ~ k"' + Ai{h,u;)k"'~^ + .... 

(2) In particular 

A,{h,uj) = ^AF^E,h) - ^tr{AF^E,h))lE + ^^^^^S{u)Ie, 
27r zirr 2r 
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where A is the trace operator acting on (1, 1) -forms with respect 
to the Kdhler form uj and F(^E,h) is the curvature of {E, h) and 
S{uj) is the scalar curvature of u. 
(3) The asymptotic expansion holds in . More precisely, for any 
positive integers a and p, there exists a positive constant Ka^p^uj^h 
such that 

\Bk{Ku)-{k'^ + --- + A^{h,uj)k"'-'P)\ ^<K,^p,^,,k^-^-\ 

Moreover the expansion is uniform in the sense that there exists 
a positive integer s such that if h and uj run in a hounded family 
in topology and uo is hounded from helow, then the constants 
Ka,p,io,h 0,1"^ hounded hy a constant depending only on a and p. 

Finding balanced metrics on OpE*{^) ® 7r*L'^ is basically the same 
as finding solutions to the equations pk{g,u!) = Constant. Therefore in 
order to prove Theorem 11.21 we need to solve the equations pk{g^uj) = 
Constant for k ^ 0. Now if u has constant scalar curvature and h sat- 
isfies the Hermitian-Einstein equation A^F(^E,h) = f^^E, then Ai{h,u!) 
is constant. Notice that in order to make Ai constant, existence of 
Hermitian-Einstein metric is not enough. We need the existence of 
constant scalar curvature Kahler metric as well. Next, the crucial fact 
is that the linearization of Ai at {h^uj) is surjective. This enables us 
to construct formal solutions as power series in k~^ for the equation 
Pk{g,uj) = Constant. Therefore, for any positive integer q, we can con- 
struct a sequence of metrics gk on Op^;. (l)®7r*L'^ and bases sf^\ s^'' 
for H°{FE*, OpB.(l)) such that 



=1 



j{sf\sf^)g^dVOlg^=DJ + Mk 



where — >• as — > cxd (See (15. ip for definition of Cr-)-, and is 
a trace-free hermitian matrix such that ||Mfc||op = o{k~'^~^) as — > oo. 

The next step is to perturb these almost balanced metrics to get 
balanced metrics. As pointed out by Donaldson, the problem of finding 
balanced metric can be viewed also as a finite dimensional moment map 
problem solving the equation = 0. Indeed, Donaldson shows that 
Mfc is the value of a moment map po on the space of ordered bases 
with the obvious action of SU{N). Now, the problem is to show that 
if for some ordered basis s, the value of moment map is very small, 
then we can find a basis at which moment map is zero. The standard 
technique is flowing down s under the gradient flow of |/i_Dp to reach 
a zero of pn. We need a Lojasiewicz type inequality to guarantee that 
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the flow converges to a zero of tlie moment map. We do tliis in Section 
3 by adapting Pliong-Sturm proof to our situation. 

Here is the outhne of the paper: In Section 2, we review Donald- 
son's moment map setup. We follow Phong and Sturm treatment from 
( |PS2j ). In Section 3, we obtain a lower bound for the derivative of the 
moment map by adapting the argument in ( |PS2] ) to our setting. In 
Section 4, we show how to perturb almost balanced metrics to obtain 
balanced metrics in the general setting of Section 3. In order to do that, 
we use the estimate obtained in Theorem 13.21 to apply the Donaldson's 
version of inverse function theoremfProposition 12.21) . In Section 5, we 
prove the existence of an asymptotic expansion for the Bergman kernel 
of OpE*{l) (8> tt*L'' using results of Catlin and Zelditch. Section 6 is 
devoted to constructing almost balanced metrics on Ope*{^) ® 7r*L^ 
using the asymptotic expansion obtained in Section 5. 

Acknowledgements: I am sincerely grateful to Richard Wentworth 
for introducing me the subject and many helpful discussions and sug- 
gestions on the subject and his continuous help, support and encour- 
agement. I would also like to thank Bo Berndtsson, Hamid Hezari, 
Duong Hong Phong , Julius Ross and Steve Zelditch for many helpful 
discussions and suggestions. 



In this section, we review Donaldson's moment map setup. We follow 
the notation of |PS2] . 

Let (y, Uq) be a compact Kahler manifold of dimension n and 0{1) — >■ 
y be a very ample line bundle on Y equipped with a Hermitian metric 
go such that Ric{go) = uq. Since 0{1) is very ample, using global 
sections of we can embed Y into P(i^°(F, C(l))*). A choice 

of ordered basis s = (si, s^) of H^{Y, C(l)) gives an isomorphism 
between ¥{H^{Y,0{1))*) and P-'^"^. Hence for any such s, we have 
an embedding Ls : Y ^ F^'^ such that i^C»piv(l) = Using 
Ls, we can pull back the Fubini-Study metric and Kahler form of the 
projective space to C(l) and Y respectively. 

Definition 2.1. An embedding Lg is called balanced if 



where V = /y A hermitian metric(respectively a Kahler form) is 
called balanced if it is the pull back L*hps (respectively L*sUjps) where Ls 
is a balanced embedding. 



2. Moment Map Setup 
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There is an action of SL{N) on the space of ordered bases of H^(Y, 0{1)). 
Donaldson defines a symplectic form on the space of ordered bases of 
H^(Y, 0{1)) which is invariant under the action of SU{N). So there 
exists an equivariant moment map on this space such that its zeros are 
exactly balanced bases. 

More precisely we define 

Z = {s = (si,...,s^)|si,...,S7v abasis of H\Y,0{1))}/C* 

and Z = Z /FAut{Y, 0{1)). Donaldson defines a symplectic form 
on Z. There is a natural action of SU{N) on {Z, Q^) which preserves 
the symplectic form Qj). The moment map for this action is defined 
by 

V 

f^ois) = i[{Sa, S/3)h, - ^^a,/?], 

where hg is the L^- inner product with respect to the pull back of 
Fubini-Study metric and Fubini-Study Kahler form via the embedding 
Is- Also we identify su{N)* with su{N) using the invariant inner prod- 
uct on su{N), where su{N) is the Lie algebra of the group SU{N) and 
su{N)* is its dual. (For construction of Qd and more details see ( jD3] ) 
and ([PS2]) .) 

Using Deligne's pairing, Phong and Sturm construct another sym- 
plectic form on Z as follows: 
Let 

y = {{x,s)\x e P^-\s = (si, ...,SN),xe Ls{Y)} 

and y = y /FAut(Y, 0{1)). One obtains a holomorphic fibration y — » 
Z where every fibre is isomorphic to Y. Let p : y ^ pA'-i ^j^g 
projection on the first factor. Then define a hermitian line bundle A4 
on Z by 

^ = (p*Op^.-.(l),...,p*Op.-l(l))(|) 

which is the Deligne's pairing of (n + 1) copies of p*OpN-i{l). Denote 
the curvature of this hermitian line bundle by Qm- It follows from 
properties of Deligne's pairing that 



(2.1) Qm = / ^p+' 



FS 

y/z 



Since SU (N) is semisimple, there is a unique equivariant moment 
map fiM : Z —>■ su{N) for the action of SU{N) on {Z,Qm)- 

Theorem 2.1. (' |PS2t Theorem 1]) Q_m = o,nd fij^ = /i^- 
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Let ^ be an element of the Lie algebra su{N). Since SU{N) acts 
on Z, the infinitesimal action of ^ defines a vector field crziO ^■ 
Fixing a point z & Z, we have a linear map '■ su{N) — > T^Z. Let 
(T* be its adjoint with respect to the metric on TZ and the invariant 
metric on su{N). Then we get the operator 

= ala, : su{N) su{N). 

Define as the smallest eigenvalue of Qz- In |D3] . Donaldson proves 
the following. 

Proposition 2.2. Proposition 17]) Suppose given zq ^ Z and 

real numbers A, 6 such that for all z = c^^Zq with \^\ < 6 and ^ G su{N), 
Az < A. Suppose that X\fi{zQ)\ < 6, then there exists w = e*'' with 
fi{w) = 0, where \ri\ < A|;u(2;o)|. 

3. Eigenvalue Estimates 

In this section, we obtain a lower bound for the derivative of the 
moment map /i/j. This is equivalent to an upper bound for the quantity 
Az introduced in the previous section. In order to do this, we adapt 
the argument of Phong and Sturm to our setting. The main result is 
Theorem 13. 2[ 

Let (Y, uq) and ^ Y be as in the previous section. Let (L, /iqo) 
be a Hermitian line bundle over Y such that c^oo = Ric{hoo) is a semi 
positive (1, l)-form on Y. Define ujq = ujq + kuao- For the rest of 
this section and next section let m be the smallest integer such that 
u)^^ = 0. Also assume that Wq"™ ^ ^oo ^ volume form and there 
exist positive constant ni and n2 such that 

(3.1) Nk = dimH\Y,0{l)®L'') = mfc'™ + 0(fc'"-^). 

(3.2) Vk = J {ooo + ku^T = n2k"' + Oik""-'). 

Notice that (13.21) is implied from the fact that cUq ~™ A a;™ is a volume 
form and uj^^^ = 0. 

The case important for this paper is the following: 

Example 3.1. Let (X, cUoo) be a compact Kahler manifold of dimension 
m and L be a very ample holomorphic line bundle on X such that 
ujoo G 27rci{L). Let E' be a holomorphic vector bundle on X of rank r 
such that the line bundle Op^;* (1) — > F = FE* is an ample line bundle. 
We denote the pull back of to FE* by 00^0 ■ Then c<j™+^ = and by 
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Riemann-Roch formula we have 

dimi7°(F,0(l)®L^) = dimi7°(X,E®L^) = ^ [ cALrk'^+Oik'^-^] 

ml Jx 

The following lemma is clear. 

Lemma 3.1. Let hk he a sequence of hermitian metrics on 0{1) ® 
and let s^^'> = (s^'^ s^"*) be a sequence of ordered bases for 
C(l) <S) L^)- Suppose that for any k 



.(fc)|2 



and 



Y 



where D^^'^ is a scalar and M^^'> is a trace- free hermitian matrix. Then 
D^'^ = # - ^ ask^oo, 

where the constants rti and n2 are defined by (13.11) and fl3.2p . 

We start with the notion of -R-boundedness introduced originally by 
Donaldson in ID3I. 



Definition 3.2. Let i? be a real number with R> 1 and a > 4 be a fixed 
integer and let s = (si, sn) be an ordered basis for H'^(Y, 0{1)®L'^). 
We say s has i?-bounded geometry if the Kahler form uj = t^cups satisfies 
the following conditions 

• llcD - C;o||c»(iio) < -R, where uo = luq + kuoo- 

Recall the definition of from the previous section. The main result 
of this section is the following. 

Theorem 3.2. Assume Y does not have any nonzero holomorphic 
vector fields. For any R > 1, there are positive constants C and 
e < n2/10ni such that, for any k, if the basis s = {si,...,Sn) of 
H^(Y, 0{1) ® V') has R-bounded geometry, and if \ \fJ'D{s)\\op < then 

The rest of this section is devoted to the proof of Theorem l3.2[ Notice 
that the estimate < Cfc^™"^^ is equivalent to the estimate 

(3.3) >cA;-^'"^'^ll^ir- 
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On the other hand (12. ip and Theorem 12.11 imply that 

(3.4) Wz{0\' = l^Y„Y,^Ft'- 



Hence, in order to estabhsh Theorem 13.21 we need to estimate the 
quantity Jy t-Y^y^^Fs^ from below. 

For the rest of this section, fix an ordered basis s^'^^ = (si, sjy) of 
H^(Y,0{1) L^) and let M^^) = -ifiois'^''^)- It gives an embedding 
L = : Y where N = Nk = dimiJO(F, C(l) ® L^). For 

any C, € su{N), we have a vector field on P^~i generated by the 
infinitesimal action of C,- 

Every tangent vector to P^~i is given by pairs {z, v) modulo an 
equivalence relation ~ . This relation is defined as follows: 

{z, v) ~ {z , v') if z = Xz and v' — Xv = ^z for some A G C* and /i G C 

For a tangent vector [(^r,!!)], the Fubini-Study metric is given by 



[z,v 



|2 



v*vz*z — {z*vY 



[z*zY 

Since the vector field 1^ is given by [-2,^-2], we have 

(3.5) iinMii-^ -'"^-'',:.^-"-"' 

We have the following exact sequence of vector bundles over Y 

^ TF ^ i*TP^-^ ^ Q ^ 0. 

Let TV C <.*TP^~^ be the orthogonal complement of TY . Then as 
smooth vector bundles, we have 

l*rp^N-l =TY ®M. 

We denote the projections onto the first and second component by tit 
and TT^vr respectively. Define 

at{z) = exp{it^)z, 

ift{z) =log . 

z 

Direct computation shows that 



, , z*^z 
'^t[z) = 2i——, 
t=o z*z 
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The following is straightforward. 
Proposition 3.3. For any ^ G su{N), we have 



\L'^(Y,TY) — J '^Y^.Yf.^FS 

Therefore, the estimate in Theorem 13.21 will follow from: 



(3.8) m?<CRk^m\'' 

(3.9) 4||7r^n|p<fc-+2||vr^Fdr 

(3.10) ||Fe|p = ||7r^r^|p + |Kr5lP 

We will prove (13.81) in Proposition 13.61 and (13. 9p in Proposition 13.91 
Assuming these, we give the Proof of Theorem 13.21 

Proof of Theorem \3.B. By (13.41) . we have 



W2m' = l\,Y,^u'- 



Applying Proposition 13.31 we get 

Wz{0\' = \Wj^y^\\'. 



Thus, in order to prove Theorem 13.21 we need to show that 

||vrArniP>c«A;-(-+3)||^||2_ 



By (13. Sp . we have 
Hence (13.90 implies that 



□ 



Lemma 3.4. There exists a positive constant c independent of k such 
that for any f G C°°(Y), we have 

c f^^ <k"^J^dfAdfA + ( /. /^o ' ' 
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Proof. In the proof of this Lemma, we put Uk = uiq + kujoo and a — 
uji — ujq-\- uJoo- For A; > 1, we have 

Assume that the statement is false. So, there exists a subsequence 
kj — > oo and a sequence of functions fj such that ff^k — 1 ^^'^ 



J^df,Adf,Au;-' + kj"^[Jj,u;l) ^0 
A; ^ oo. We define 1 1/| p = Jy poi^- Hence 

Y JY 

Let Qj = /,y||/^-||. We have 

J^\dgj\la-^ J^dgjAdgjAa"^-' 



3 

2 



as 



Y 



< k^ / dfj A df) A uj';^^ ^0 as A; ^ oo. 
Jy ^ 

On the other hand 9]^^"' = 1 which imphes that the sequence gj 
is bounded in Lf{a"'). Hence, gj has a subscqiicnce which converges 
in L^(q;") and converges weakly in L^(q;") to a function g G L^(q;"). 
Without loss of generality, we can assume that the whole sequence 
converges. Since fy \dgj\'^a"' — >^ as A; ^ oo, it can be easily seen that 
g is a constant function. We have 

kr\ l^igj - < krl\9j - 9H 

<l^\gj-g\a- 

<C{j^\g,-g\'a")-^ ^0, 
where = Jy a" does not depend on k. Hence 

Since 51 is a constant function and JyUj]^. = n2kj' + 0{kj^~^), we get 

kj"" J^gjUj'^,^n2g, 
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where n2 is defined by (13. 2p . On the other hand 



2 

. 



2 

^ 



which imphes (7 = 0. It is a contradiction since \ \gj\\ = 1 and gj g 
in 

□ 



The proof of the following lemma can be found in ( |PS2l p. 704]). 
For the sake of completeness, we give the details. 

Lemma 3.5. There exists a positive constant cr independent of k such 
that for any Kdhler form uj G Ci{0{l)^L^) having R-bounded geometry 
and any f G C°°(Y), we have 



Cr j f^u''<k"'J df Adf Au""'^ + k-"'(^j fu'^y. 
Proof. Since u has i?-bounded geometry, we have 

R'^ojQ <ui< 2BLjq. 

Therefore, 

c{2Ry j f^u''<c J f'^^^<k"'j dfAdfAui;-^ + k-'^(^j fu^ 



2 



On the other hand, there exists a unique function such that u — uq 
dd(j) and (pu^ = 0. Hence, 



n-l 
j=0 
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We have, 



n-l 



j=0 



/lb _L 
dfAd<f)Aj2 
j=0 

n— 1 „ ~ 



~1 A ~n— 1 — 1 



<n{2Rr / |9/b 



1 



We will show that 



Since cu— cuq = ddcj) and — c<Jo||c"(5:o) — "^^ have 1 [^((lio) ^ 
This implies that 



|A^o0|U<i?. 



Applying Lemma [131 to 0, we get 



On the other hand 



Y 



1501^0^0 = / 50A90AS3o" 



n.-l 



y 



— 1 m 
< C 2 fc 2 



y 



y 



4,^0 ) ( S3, 



Therefore, 
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Y 



On the other hand 



Y 



Y 



Y 



Hence, 



Y 



f^A +( / f{^--^^) 



Y 



<k"'j df Adf Au^-' + 2k-' 
<cJk'^ [ df Adf A^""-^ + k-"' 



Y 



Y 



/^"j + Ck"' I OfAdfA 

Y ^ 

□ 



Proposition 3.6. There exists a positive constant cr such that for any 
C, G su{N), we have 

m\'<cnk"^m\\ 

where \ \.\\ in the right hand side denotes the L^- norm with respect to 
the Kdhler form u onY and Fuhini-Study metric on the fibres. 



Proof. By f l3.5p . we have 

in 

This imphes that 



■Uu 



{z*zy 



zz 
z*z 



We can write 



zz 



-UJ 



z^z 



where D^^'^ — > n^jnx as — > oo and M'^^^ is a trace free hermitian 
matrix with ||M*^'^)||op < e. Therefore, 



Hence 



|tr(aMW)| = |tr(eM«)e| < ||ein|MW||op < 
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Since D^^'^ — >• n2/ni as k ^ oo, there exists a positive constant c such 
that 



m'>cm\'- J ^ 



On the other hand 



\tr{iM^^^)\<^/N\\m\M^% 
< cfc^||e||||M('=)|| 



Now applying Lemma [3. 5 [ we get 



C J (^"25" < A;"^ y d^AdipAu''-^ + k-"'yj ^uj- 
This imphes 

(ci-C2||M(^)||2p)||e||2< ||F^||2 + A;-^90A9viA25"-i. 

omce llM^'^^llop < e and e is small enough, there exists a positive con- 
stant c such that 

c| lel I' < I l^el I' + / dip A dip A u""-' 



2 ~n 



= WW + k- j^\dip\^~u 

We know that 90|y = i.t,j,y^u; which implies 

ciieir<iinir+^"^ikTnir- 

Lemma 3.7. For k ^ 0, we have 

\S{uJo + kujoo)\ < Clogk, 
where S is the scalar curvature. 



□ 



Proof. We have 

{uq + kUooY 



j=0 



UJ, 



; 
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for some smooth nonnegative functions /-,• on Y. The function fm is 
positive, since Wg"™ ^ is a volume form. Therefore there exists a 
positive constant I such that fm > ^ > 0- We define 

m 

i=i 

We have 



V2log(l + fc'"F) = v(- 



+ A;™F/ 1 + (1 + A;"^F)2 ' 

Hence there exists a positive constant C such that 

I log(l + k'^F) \^,<mC log k + C, 

since ||-F||c2 is bounded independent of k and F > > I > 0. This 
implies that 

|c)51ogdet(u;o + kujoo)\(jo < | logdet(u;o + kuJoo)\^,2 

= I log(u;o + kuJooT\^2 

< |logcUo"|^, + |log(l + A;'"F)|^, 

< Ci + C2mlog /c. 

Fix a point p G y and a holomorphic local coordinate zi,...,Zn 
around p such that 

uJo{p) = i dZi A dz^, 

where Aj's are some nonnegative real numbers. Therefore, we have 
\S{ljo + kuoo){p) \ = I + fcAi)~-^(9i(^logdet(co'o + kujoo)\ 

< ^(1 + A;Ai)-^(Ci + Camlogfc) < Calogfc, 

for > 0. 

□ 

Proposition 3.8. For any holomorphic vector field V on P^"-*^, we 
have 

\'iTxV\'>CRk-'\d{rr^V)\\ 

Proof. The following is from ( |PS2l pp. 705-708]). For the sake of 
completeness, we give the details of the proof. Fix x & Y. Let 
Ci, ...,en, fi, fm be a local holomorphic frame for i*TP^^^ around 
X such that 

(1) ei(x), e„(x), fi{x), fmi^) form an orthonormal basis. 
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(2) ei, e,i is a local holomorpliic basis for TY. 
Then there exist holomorphic functions aj and 6j's such that 

Notice that nj\ffj — fj is tangent to Y since nj\f{nMfj — fj) = 0. There- 
fore, we can write 

^A/'/i - fj = ^(t^ijdj, 

where 0ij's are smooth functions. Since ei(a;), e„(a;), fm{x) 
form an orthonormal basis, we have 4>ij{x) = 0. Then 

m 

3=1 i 

It implies that 

m 

j = l i 

So in order to establish 13.81 we need to prove that 

n m m 
i=l j=l j=l 

Using the Cauchy-Schwartz inequality, it suffices to prove 

n m 

i=i j=i 

where C2 = C2{R) is independent of k (depends on R.) Now the matrix 
A* = {d(j)ij) is the dual of the second fundamental form A of TY in 
i*T¥^-^. Let F,,rpiv-i be the curvature tensor of the bundle t*TP^-^ 
with respect to the Fubini-Study metric. F^.^piv-i is a 2-form on Y 
withe values in End{L*T¥^~^). Thus F^tj'pjv-i is a two form on Y 
with values in Hom{TY, l*TF^~^). So, ttto (F^.^piv-i is a two form 
on Y with values in End{TY). Also let Fty be the curvature tensor 
of the bundle TY with respect to the pulled back Fubini-Study metric 
ui = i.*ujfs- Now by computations in |PS2t 5.28], we have 

n m 
i=l j=l 

where A^:) is the contraction with the Kahler form uj. The formula |PS2t 
5.33] gives 

A^Tr [ttt o (F,.TpJv-i 1^^)] = n + 1. 
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On the other hand Ki:^Tr{FTY) is the scalar curvature of the metric uj 
on Y . Since u has i?-bounded geometry, we have 

\S{u)-S{uo)\<R. 
Lemma [3.71 imphes that [^(cDo)! < Clog A; < Ck. 

□ 

The only thing we need in addition is the following 

Proposition 3.9. Assume that there are no nonzero holomorphic vec- 
tor fields on Y . Then there exists a constant such that for any 
^ G su{N), we have 

4iivr^nir<fc'"^'ikA/-nir- 

Proof. We define a = ujq + cUqo- Since there are no holomorphic vector 
fields on Y , for any smooth smooth vector field W on Y , we have 

c||w^lli.M<IWIi.H. 

The trivial inequalities ka > uq and /e^'^cDq ^ ct" ^ '^o imply that 

ciiw^iii.(^o) = c/ mio^o < ck"-^' I micy"" 

< j \dW\la'' 
<k-^'l \dW\lfio 

Hence, there exists a positive constant c depends on R and independent 
of k, such that for any ujq having i?-bounded geometry, we have 



c 



Now, putting W = tttY^, we get 
On the other hand 

\\7rxV\\'>Cnk-'\\d{7rMV)\\^ 
which implies the desired inequahty. 



□ 
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4. Perturbing To A Balanced Metric 

We continue with the notation of the previous section. The goal of 
this section is to prove Theorem 14.61 which gives a condition for when 
an almost balanced metric can be perturbed to a balanced one. In 
order to do this, first we need to establish Theorem 14.51 We need the 
following estimate. 

Proposition 4.1. There exist positive real numbers Kj depends only 
on ho, and j such that for any s G H'^iY, (9(1) L^), we have 

In order to prove Proposition 14.11 we start with some complex anal- 
ysis. 

Let if he a. strictly plurisubharmonic function and ^ be a plurisub- 
harmonic function on B = B{2) C C"' such that ip{0) = ip{0) = 0. We 
can find a coordinate on B{2) such that 

^{z) = \z\^ + 0{\z\^) and ^(z) = ^ Xi\zi\^ + 0{\z\^), 

where Aj > 0. For any function u : B ^ C, we define u^'^^z) = u(^). 

Theorem 4.2. (Cauchy Estimate of. [Hot Theorem 2.2.3])There exist 
positive real numbers Cj such that for any holomorphic function u : 
B ^ C, we have 

|V%P(0) < Cj [ \u{z)\'^dzAdz 

J\z\<l 

Theorem 4.3. There exist positive real numbers cj depends only on 
j, if, ip and dfi such that for any holomorphic function u : B ^ C, we 
have 

|V%P(0) < c^-A;"+^' [ \u\^e-^-''^dfi, 
Jb{i) 

where dfi is a fixed volume form on B. 

Proof. Applying Cauchy estimate to m^^^ we get 

k-^\V^uWO) < [ \u^''\z)\^dz A dz 

J\z\<l 

<C [ \u^'\z)\''e-^^^^+'^\''\"dzAdz, 

J\z\<l 

since e~ jg bounded from below by a positive constant on the 

unit ball. Using the change of variable w = ^ we get 
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J\w\<k~^/'^ 

< Ck"" [ \u{w) \^e- A dw. 

On the other hand, we have 

^{z) + ki){z) = k^{\i + l)\zi\'^ + fx{z) + ka{z), 

where hm ^^^} = hm '^\} = 0. 

2^0 \z\'^ z-*0 \zY 

Let \w\ < k^^^'^, we have 

\ka{w) + ij{w)\ < c(A;|wp + < 2c 
for some constant c depending only on ip and ip. Hence 

k'^V^uWo) < Ck"" [ \u{w)\^e'^^''^^^^^^'"'^'dw A dw 

= Ce^^A;" / \u{w)\^e~- ^(f'>^^+^)\^^\'-^^dw A dw 

= C'r / |M(w)|2e-(^("')+^'^("'))dw A dw 

J|u;|<A;-i/2 



< C'A;" / \u\^e~^-^^dz ^dz. 
Jb(i) 



Hence, 



|V%P(0) < 9^"+^' / lupe-^-'^'^d/i. 

□ 

Proof of Proposition \4-l\ Fix a point p in F and a geodesic ball i? C F 



centered at p. Let be a holomorphic frame for L on B and e be a 
holomorphic frame for 0(1) such that ||eL||(p) = ||e||(p) = 1. Any s G 
H^iY, 0{1) ® L^) can be written as s = we ® ef^ for some holomorphic 
function u : B ^ C. We have 



V^s = ^ (^^^ ® V^-^(e ® ef ^) 
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Therefore, 

On the other hand we have 

a 

l|V"(e®ef)||2(p) <5^(||V^e||2(p) + A;--^||V"-^ei|p(p)) <C„A;". 
Hence 

Applying Theorem 14.31 concluds the proof. 

□ 

For the rest of this section, we fix a positive integer q. We continue 
with the notation (F, Uoo, cuq, a^o ) of section 3. In the rest of this section, 
we fix the reference metric Uq on Y and recall the Definition 13.21 

Definition 4.1. The sequence of hermitian metrics hj. on 0{1)^L^ and 
ordered bases s^''^ = {s[^\ sj^"*) for H^{Y, 0{1) ^L'^) is called almost 
balanced of order q if for any k 

/ . K - ^ 

and 

j^{sf\sf)h,dvoh,=D^'^,, + M'^\ 

where D*^^^ is a scalar so that D^'^'> — n2/ni as oo (See (13. ip and 
(1321).), and is a trace- free hermitian matrix such that | |M'^'^^ I |op = 
0(A;-9-i). 

We state the following lemma without proof. The proof is a straight- 
forward calculation. 

Lemma 4.4. Let the sequence of hermitian metrics hk on 0{1) L'' 
and ordered bases s^^'' = {s[''\ s^-*) for H^{Y, 0{1) ® L^) be almost 
balanced of order q. Suppose 

(4.1) \\i^k-'^A)\\c-{:s{,)=0{k~^), 

where uj^ = Ric{hk). Then for any e > there exists a positive integer 
ko such that 

ujk>{l- e)uJo for k > k^. 

Assume that there exist a sequence of almost balanced metrics 
of order q and bases ^ = {s[^\ s^^^) for H^{Y,0{1) ® L^) which 
satisfies (14.11) . As before Uk = Ric(/ifc). Then Lemma [4.41 implies that 
for k ^ 0, uJk has i?-bounded geometry. 
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Fix k and let B G isu{Nk). Without loss of generality, we can assume 
that B is the diagonal matrix diag(Aj), where Aj G M and ^ Aj = 0. 
There exists a unique hermitian metric on OpE*{l) ® such that 

Let = Riclhs). In the next theorem, we will prove that there exist 
a constant c and open balls f/fc C isu{Nk) around the origin of radius 
^/j.-(n+a+2) gQ tli^Q^t if B E Uk, then hs is i?-bounded. More precisely. 

Theorem 4.5. Suppose that (14.1 p holds. 

• There exist c > and /cq > sitc/i t/iat if k > ko and B G 

isu{Nk) satisfies 

\\B\\op< cA;-("+'^+2)^^ 

t/ien t/ie metric ujb is R-hounded. 

• There exists c > swc/i t/iat if B E isu{Nk) satisfies 

\\B\\op < 

then 

\\M^\\op < ck-\ 
where the matrix = {M^)is defined by 



Proof. Let Hb = e'^'-^/ifc. So, we have 
Hence 

^B = -iogY,e''MX = - log (1 + - 

If ||-B||op is small enough, there exists C > so that 

i=l 



BALANCED METRICS AND CHOW STABILITY 23 



and therefore Proposition 14.11 implies that 



(fc)|2 '±0_ 



^=l Jy 

=ciiBiM"««/5:kS'>i?..^ 



i=l 

= C||i?||opr+'^+' / ^ = Ci||i?||opr+'^+' 

jy 

for some positive constant Ci. Now if ||-B||op < ^^k^'^'^^"^^'^\ then 

(4-2) Wb\\c-+^{z:^o) < 2R ' 

Therefore, 

11-7)/) II ^^-1 

which imphes that 

^ 

(4.3) z99v9b > 

In order to show that ujb is i?-bounded, we need to prove the follow- 
ing: 

(4.4) \\u} - a;o||c"'(i:io) < 

(4.5) uTb > 4'^o- 

To prove (jOl), (HU) and (H^]) imply that for A; > 



\^B — ^o| |c°(iio) ^ I l^-B — ^kWc^i^o) + I l^fc ~ ^o| Ic^Ci^o) 



< \\'^b\\c-+-^{z:,o) + k ^ < ^„ + k ^ 



To prove 04.51) , applying Lemma 14.41 with e = gives 

R + l. 

and therefore (14. 3 p implies 



ri Jri Zri 



for A; > 0. 
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In order to prove the second part, by a unitary change of basis, we 
may assume without loss of generahty that the matrix is diagonaL 
By definition 

mB ^ x,+xj f p/s- s)—-—5-- 

where 

'n 



n 



We have 



n — ^ / V''t\hk _| AT 
2A 



e 



= / (e-^^'F-l)\s,\l'^ + (M'-%,. 

JY ^■ 

Therefore, 

|M^| < ||e^^^F-l||,,( / \s,\l^'^)+\{M^%,\ < C{\\e''^F-l\\^+k-''-'). 

Jy f^- 



Define / = If \\B\Lr> < then 

|/-i| = |^i;=^| = o(r') 

and 

Ke'^'-^^ -1)1 = 0(A;-^). 

Therefore, 

<||(e^^-^- -!)(/- 1)11 + IK/ -1)11 
+ ||(e2A«-'PB_i)|| 

which implies that 

||M^||op = 0(A;-i). 



□ 
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Theorem 4.6. Suppose that the sequence of metrics hk on 0{1) ® L'^ 
and bases = (sj^, s^) for H'^{Y, (9(1) ® L^) is almost balanced of 
order q. Suppose that (14.11) holds for 

ujk = Ric{hk) and uOk = Ric{hk) — kuoo- 

If q > ^ + n + a + 5, then (Y, 0(1) ® L'') admits balanced metric for 
> 0. 

Proof. Let R > 1 and k he a fixed large positive integer. Let a G 
isu{N),wheTeN = Nk = dim //^(y, 0(1)®L'=). If | |a| |op < f ^"("+'^+3)/?, 
tlien Tlieorem l4.5l implies tliat e'^s has -R-bounded geometry and | jM""! |op < 
e for /c 3> 0, where e is the constant in the statement of Theorem 13.21 
Thus, Theorem O implies that A(e'"s('=)) < CA;2"+2 = A. With the 
notation of Proposition 12.21 we have jj{zQ) = M'^^\ Therefore 



Hzo)\ = |mW| < v^||M('=)||op < c'fcf-'^ 



Letting 5 = f A;-("+'^+3)i?, we have A|;u(^o)| <Siiq>^+n + a + 5 
and /c 0. Therefore ifg> ^ + n + a + 5 and A; ^ 0, we can apply 
Proposition 12.21 to get balanced metrics for A; ^ 0. 

□ 

Remark 4.7. By Proposition 12. 2^ there exists ctq such that e°"''s is bal- 
anced and |ao| < {Ce"'+^){C' kf-'^) = C"k^+^-'^. Since 



then 



a+2 < cA;'?'+"+'^+^-'?. 



Therefore, 

(4.6) \\ul^'-Uk\\c-^i^,) = Oik-'). 

5. Asymptotic Expansion 

The goal of this section is to prove Theorem II. 3[ Theorem 11.31 gives 
an asymptotic expansion for the Bergman kernel of {FE* jOfE'i^) ® 
n*L^). We obtain such an expansion by using the Bergman kernel 
asymptotic expansion proved in ([C], [Z]). Also we compute the first 
nontrivial coefficient of the expansion. In the next section, we use this 
to construct sequence of almost balanced metrics. We start with some 
linear algebra. 

Let \^ be a hermitian vector space of dimension r. The projective 
space PV^* can be identified with the space of hyperplanes in V via 

f eV ^ ker{f) = VfCV. 
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If / 7^ then Vj will be a hyperplane. There is a natural isomor- 
phism between V and H^(PV*,0-pv*{^)) which sends v E V to v E 
H^(FV*, C>py*(l)) such that for any / G V*,v{f) = f{v). Now wc can 
see that the inner product on V induces an inner product on V* and 
then a metric on Opy*(l). For v,w eV and / e V^* we define 



Definition 5.1. For any inner product h on V, We denote the induced 
metric on Opv*{^) by h. 

The following is a straight forward computation. 

Proposition 5.1. For any v,w E V we have 

<v,w >h= / <v,w >^ 

where Cr is a constant defined by 

(5.1) C.= ! . 

ic^- (1 + e;:; le.f r ^ 

Here d^Ad^^ (v^c^Ci A d^i) A • • • A (v^^^r-i A c?J^_i). 
Definition 5.2. For any v e y, we define an endomorphism of V by 



(r- 1)! 



where v*^{.) — h{.,v). 



Let (X, oj) be a Kahler manifold of dimension m and £J be a holo- 
morphic vector bundle on X of rank r. Let L be an ample line bundle 
on X endowed with a Hermitian metric a such that Ric{a) — u. For 
any hermitian metric h on E, we define the volume form 

where g = h ,ujg = Ric{g) = Ric{h) and tt : Pi?* ^ X is the projection 
map. The goal is to find an asymptotic expansion for the Bergman 
kernel of Ope*(1) ® L*^ ^ FE* with respect to the L^-metric defined 
on H^{FE*, C>P£*(1) ® 7r*L^). We define the L^- metric using the fibre 
metric g <S> cr®^ and the volume form d/ig^k defined as follows 

(5.2) d^, u = + ^ y k^-m^ ^ ^ ^. 

^ ' (m + r-1)! ^ (m + r-j)! j! 
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In order to do that, we reduce the problem to the problem of Bergman 
kernel asymptotics on E®L^ — > X. The first step is to use the volume 
form d^g which is a product volume form instead of the more compli- 
cated one djjig k. So, we replace the volume form djjig k with d^g and the 
fibre metric g ® with g{k) ® a^, where the metrics g{k) are defined 
on CpE.(l) by 

m 

(5.3) g{k) = k-"^CE k'f,)g = ifm + k-^fm-i + ... + ^-'"/o)^, 

3=0 

and 

^m+T-l-j j 

(5.4) A — = fjdfXg. 

^ ^ (m + r-j)! j! ^ 



a) 



Clearly the L -inner products L {g a , djj,g^k) and L {g{k) (g) a , d^ 
on H^{¥E* ,0¥E*{'^) ® 71* L^) are the same. The second step is going 
from Opg. (1) — > FE* to E X. In order to do this we somehow 
push forward the metric g{k) to get a metric g{k) on E (See Definition 
15.51) . Then we can apply the result on the asymptotics of the Bergman 
kernel on E. The last step is to use this to get the result. 



Definition 5.3. Let sj^, be an orthonormal basis for H^{FE*, OpE*{l)( 
7[*L^) w.r.t. ^^{g ® a^,diXk,g)- We define 

N ^ 
i=l 

Definition 5.4. For any (j,j)-form a on X, we define the contraction 
A^a of a with respect to the Kahler form uj by 

■ -a A uj"^-' = (A>) cj™. 



In this section we fix the Kahler form a; on X and therefore simply 
denote Af^a by K^a. 

Lemma 5.2. Let vq he a fixed Kahler form on X. For any positive 
integer p there exists a constant C such that for any {j,j)-form 7, we 
have 



C 



|V^(A^7)II < T- (ll7l|c.(.o)+l|A^7lb.-H.o))(Ell^lic:^M. 
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Proof. Let 7 be a (j,j)-form. By definition, we have 

777 ' 

(A^7) to"" = —.7 A cu""-^. 

(m- j)! 

Therefore for any positive integer p, we have 

777 i 

VP((A^7) cu") = 7 ^VP(7 A cu™-^). 

(m - jj! 

Applying Leibnitz rule, we get 
Thus there exists a positive constant C so that 

||V^(A^7)c^'"llcoM < C\\\uj^\\cn.o)\Wl\\cr'-Huo) + ll7llc.(.o)lk™"'llc.(.o))- 

On the other hand there exists constant Cpj such that for any any 
< j < m — 1, 



, m— 7 1 1 ^ II II m— i ^ I \ ^ , , 

\^ 'Wcviy^) < Cp,j\\Uj\\cp(^^) < Cp,j[2^\\UJ\\cP(uo))- 

i=l 



Hence there exists a constant C such that 



m 



|V^(A^7)II < T- (I |7l |c.(.o)+l |A^7l |c.-H.o))(E 1 1^1 Ihn^o)] 

'■'■'■'■X&X \^\-^) \UQ(X) 



i=l 

□ 



Definition 5.5. For any hermitian form g on 0]pe*{^), we define a her- 
mitian form on as follow 

(5.6) gis,t) = C;' [ ^(?,f)-^L, 

for s,t E Ex- (See (15. ip for definition of Cr-) 

Notice that ii g = h for some hermitian metric h on Proposition 
15.11 implies that 'g = h. Define hermitian metrics ^'s on E by 

(5.7) g,is,t) = C;' [ /,^7(3,t)-^, 

for s,t E Ex- Also we define G End{E) by 

(5.8) g, = ^jh. 
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Proposition 5.3. Let uq be a fixed Kdhler form on X as in Lemma 
\5.'A For any positive numbers I and V and any positive integer p, there 
exists a positive number Ci^i' ^ such that if 



and 
then 



l^^iWcpiuo) < Ci,i',p for any 1 < i < m. 



Proof. Fix a point p G X. Let ei, ...,er be a local holomorphic frame 
for E around p such that 



{ei, ej)h{p) = d{ei, ej)h{p) = 



and 



2tt 



Fh{p) 



(^1 

UJ2 







UJr) 



\0 ■ 

Let Ai,...,Ar be the homogeneous coordinates on the fibre. At the 
fixed point p, we have 



iUq — UJps,q + 



Therefore, 



Definition of fm-j gives 



fm-jUJ^-'Au^ 



r — 1 



UJ- 



FS,g 



A ^' )^ A 



UJ 



UJ 



r-l 



A ( 



.^UJilX. 



Hence 



fm-j^FS^g A Uj"^ 

Therefore, 



UJ- 



UJ 



UJ 



which implies 
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A UJ \ 



m 

Simple calculation gives 

lA^PIAiP^-^ . . . |A,_iP>-MA AdX _ Crr\j,\ . ..p-jja + 1) 

c'-i (i + E;:;iA,f)'-+^'+i + 

when ji + ■ ■ ■ + jr = j and 1 < a < r. Hence 

(5-9) 9m—j{,^ai^oi) C'r ^* (/"m— j'fi' (^a ; -^^^ 1)T^ 

A^'( 5^ (j„ + lVf A---AO. 



From theory of symmetric functions, one can see that there exist poly- 
nomials Pj(xi, . . . , Xj) of degree i such that 

^>m-j = A^(f^ + Pi(ci(/i), . . .,c,{h))Ft' + --- + PM{h), . . . ,C,(/l))), 

where Ci{h) is the i th chern form of h. Since 1 |cp+2(yg) < /, there 
exists a positive constant c' such that 

+ ■ ■ ■ + P,(ci(/i), . . . , c,ih))\\cn.o) < 0(1 + ly. 
Therefore Lemma 15.21 implies that 

||V^vl/_^-|| < ^(c'(l + /y + ||vl/_,.||c.-iM)(l + /n 



since 



inf |cc'fx)"'|^o(^) > /' 



and 

m m 
j=l i=l 

On the other hand 

\\^m-i\\cv{u,) = WVP'^m-jW + ||^„-i||cP-l(.o) 

< j{c\l + ly + ||vI/^_,||c.-i(.o))(l + ir + ||^™-.||CP-K)- 

Now we can conclude the proof by induction on p. 

□ 
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Lemma 5.4. We have the following 

(1) ^„ = Ie. 

(2) vl/„_i = __!__(Tr(AF,)J^ + AF,). 

Proof. The first part is an immediate consequence of Proposition 15.11 
and tlie definition of For tlie second part, we use tlie notation 
used in tfie proof of Proposition 15. 3[ It is easy to see tliat for a ^ [3, 
we get ^^^^(ca, ep) = 0. On tlie other hand by plugging j = 1 in (15. 9p . 

we get 

(U^i{ea,ea) = ^ (Tr(AF) + Au;„). 
(r + 1) 

□ 

The following lemmas are straightforward. 
Lemma 5.5. g = 'g . 

Lemma 5.6. Let si, sn be a basis for {X , E) . Then 

J2\^.{[v*])\l = Tr{BX{v\h)), 
where i? = ^ Sj ® s*''. 

Proof of Theorem \1.3[ We define the metric h{k) on E by 

m m 

(5.10) h{k) = ^ k^-^g^ = (^ k^-"^^,)h. 

j=0 j=0 

Let Bk{h{k),uj) be the Bergman kernel oi E ® with respect to the 
L^-metric defined by the hermitian metric h{k) on E®L^ and the 
volume form ^ on X. Therefore, if Si, s^v is an orthonormal basis 
for H^{X, E ®L'') with respect to the L'^{H{k) ® a^ ^), then 

(5.11) S,(/^(A:),c.) = ^.,®s^"='«-^ 

We define Bk{h,uj) as follow 

(5.12) 5fc(/i,^) = ^s,®s^®''\ 

Let be the corresponding basis for i7°(Pi?*, Op£;*(l) ® L^). 

Hence, 

» » m 

JPE* JVE* 
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FE* Jx 

Therefore y^^si, -^^sn is an ortho normal basis for H^(FE*, Cp^;. (l)c 
L'^) with respect to L'^{g o"^, dfik,g)- Hence Lemma [5.61 imphes 

CrPkig) = Tr{X{v\h)Bj,{h,uj)). 

Now, in order to conclude the proof, it suffices to show that there exist 
smooth endomorphisms Ai G r(X, E) such that 

Bk{h,uj) r-. k"" + Aik""-^ + .... 

Let Bk{h,uj) be the Bergman kernel oi E ® V' with respect to the 
^^{h ® a^). A fundamental result on the asymptotics of the Bergman 
kernel ([C], [Z]) states that there exists an asymptotic expansion 

Bkih,uj) k"" + Bi{h)k"'-^ + 

where 

Bi{h) = ^^F^E,h) + Is{uj)Ie. 

(See also |BBS] . [W2] .) Moreover this expansion holds uniformly for any 
hin a bounded family. Therefore, we can Taylor expand the coefficients 
Bi{hys. We conclude that for endomorphisms $i, $m, 

M 

Bk{h{I + ^ k-'^i),uj) r^k"' + Bi{h)k"'-^+- 

i=0 

Note that Bi{h) in the above expansion does not depend on $j's and 
is given as before by 

B^{h) = ^^F^E,h) + \s{uj)Ie. 

On the other hand 

m 
3=0 

m 

= 5fc(/i,a;)(^F-"^vl/.). 

i=o 

Therefore, 

m 

Mh,uj) = Bk{h{k),uj){Y^k^-^^>^y^ ~ k"^ + {Bi{h)-^n.-i)k^-^ + ... 

j=0 

Notice that Proposition 15.31 implies that if h and u vary in a bounded 
family and u is bounded from below, then \E'i, .., \E'm vary in a bounded 
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family. Therefore the asymptotic expansion that we obtained for Bk{h, uj) 
is uniform as long as h and uj vary in a bounded family and a; is bounded 
from below. 

□ 

Proposition 5.7. Suppose that G 27rci(L) be a Kdhler form with 
constant scalar curvature and h he be a Hermitian- Einstein metric on 
E, i.e. 

where /i is the oj^o— slope of the bundle E. We have 



^^^^ = Jt 



Ai{hHEiI + t(t)),ujoo + itddri) 

t=o 



2r ' 2tt 

- UriA^^dd^) + AIJF,,, A {{ddv))), 

where V*V is Lichnerowicz operator (cf. |D3l Page 515] j. 
Proof. Define 

fit) = Ka^+itddv^ihuEil+m) 

Therefore, we have 

mF^h^^^i+m) A (c^oo + itdd^r-^ = f{t){uJoo + ttdd^r. 
Differentiating with respect to t at t = 0, we obtain 



mdd<^Au^-^+m{m-l)Fh^^A{iddr])Au^-' = f'{0)uj^+mf{0){idd7])Au^ 
Since /(O) = filE, we get 

no) = A^Jd^ + AIJF,^^ A {iddri)) - ^A^Siddri)!^. 
On the other hand (cf. [D3, pp. 515, 516].) 
d 



dt 



SiuJoo + itddri) = V*Vr]. 



□ 



Corollary 5.8. Suppose that Aut{X, L)/C* is discrete and E is stable. 
Then the map Ai i : rQ{End{E)) TQ{End{E)) is an isomorphism, 
where TQ{End{E)) is the space of smooth endomorphisms $ G -E such 
that j^tr{^)uZ = 0. 
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Proof. First, notice that To{End{E)) = ToQ{End{E)) C^{X), where 
ToQ{End{E)) is the space of trace-free endomorphisms of E and C^{X) 
is the space of smooth functions 77 on X such that r^cu™ = 0. Assume 
that Ai,i($,?7) = 0, where $ G roo{End{E)) and r] G C^{X). Hence 

''-^V*Vr] = 0, and 

Since Aut{X, L)/C* is discrete, the first equation imphes that t] is 
constant and therefore r] = 0. So, the second equation reduces to the 
following 

A^^dd^ - -tr{A^^dd^) = 
r 

It implies that 

A^^aa$ = 0, 

since $ is traceless. Hence simplicity of E implies that $ = (cf. [K]). 

In order to prove surjectivity let \I' G TQ{End{E)). We know that 
the map 

7]eC^ ^ V*Vr] G Co"" 

is surjective since Aut{X,L)/C* is discrete (cf. |D3[ pp. 515, 516]). 
Hence we can find rjo such that V*VriQ = tr(\E'). On the other hand 

^(A^^(F,^A(zaar^o))-^tr(A^^(F,^A(z99r/o)))+^-^tr(vl/) G ToiEndiE)). 
The map 

$ G To{End{E)) ^ ^K jd<!> G ro(^nd(E)) 
is surjective since E is simple. Hence, we can find 0o such that y4i^i(0o, "^o) = 

□ 

6. Constructing Almost Balanced Metrics 

Let hoo be a hermitian metric on L such that Uoo = Ric{hoo) be a 
Kahler form with constant scalar curvature and /ire be the correspond- 
ing Hermitian-Einstein metric on E, i.e. 

where fi is the slope of the bundle E. Let uq = i?ic(/iHE)- After 
tensoring by high power of L, we can assume without loss of generality 
that Uq is a Kahler form on FE*. We fix an integer a > 4. In order 
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to prove the following, we use ideas introduced by Donaldson in ( |D3t 
Theorem 26]) 

Theorem 6.1. Suppose Aut{X,L) is discrete. There exist smooth 
functions rii,ri2,... on X and smooth endomorphisms $i,$2,--- of E 
such that for any positive integer q if 

g 

i=i 

and 

g 

hk,q = hHE{lE + k'^^j), 
i=i 

then 



(6-1) Bk{hk,g, z/fc,g) = j^^rny^ (Ie + 5g), 

where \\5g\\c'^+2 = 0(A;-«-i) and Vk = VoKFE^OpE-il) ® L^) is a 
topological invariant. 

Proof. The error term in the asymptotic expansion is uniformly bounded 
in for all h and in a bounded family. Therefore there exists a 
positive integer s depends only on p and q such that 

g 

(6.2) Ap{h{l + $), + {ddri) = Ap{h, uj) + J2 ^pA"^^ v) 

+ o{m,v)\\V:'), 

where Ap j are homogeneous polynomials of degree j , depending on 
h and u, in $ and rj and its covariant derivatives. Let $i,...,<l'q be 
smooth endomorphisms of E and rji, ...,r]g be smooth functions on X. 
We have 

g g 

(6.3) Ap{h{l + J2 k~^^j),u; + {ddiJ2 k~'Vj)) 

j=l 3=1 

g 

= Ap{h, uj) + Y, bpjk-' + 0{k-'^-^), 

3=1 

where bpj's are multi linear expression on $j's and ?7i's. 
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Hence 



(6.4) Bk{h{l + J2 k-'^j),uj + tddiJ2 k~'Vj)) 

j=i i=i 
= k"' + Ai{h,iu)k"'-^ + .... 

+ {A^{h, uj) + + - + h,,^i)k"^-' + 0{k^-'^-^). 

We need to choose $j and r]j such that coefficients of fc™, ...k'^~'^ in the 
right hand side of (16.41) are constant. Donaldson's key observation is 
that rjp and (pp only appear in the coefficient of k"^~P in the form of 
^i,i{(ppy Vp)- Hence, we can do this inductively. Assume that we choose 
rji, r]2, ...rip^i and $i, $2, •••5 ^p-i so that the coefficients of k"^, ...k"^"P^^ 
are constant. Now we need to choose rip and $p such that the coefficient 
of k"^~'P is constant. This means that we need to solve the equation 

(6.5) Al^l{%,^p) - CplE = Pp-u 

for ^p,rip and the constant Cp. In this equation Pp-i is determined by 
<l>i, <l>p_i and ?7i, ?7p_i. Corollary 15.81 implies that we can always 
solve the equation (16.51) . 

□ 

Corollary 6.2. For any positive integer q, there exist hermitian met- 
rics gk,q on Ops* (1) and Kdhler forms h'k,q on X in the class o/27rci(L) 
so that 

where ||efc,g||ca+2 = 0{k~'^^^). Moreover, 

(6-6) + kuk^q - {ujo + kuj^)\\ca(^^^+kwo.) = O^k'^). 

Proof. Let gt^q = hk^q. By Theorem 16. 11 We have 

Pk{gk,q, Vk,q) = ^_^y Tr{X{v*, hk,q){lE + Sg)) 

Ni. 

The ffist part of corollary is proved, since hk,q is bounded and | \Sk,q\ \c<^+2 - 
0{k~'^^^). Define uJq = uq + kuoo- For the second part, we have 



UJ, 



9k 



+ kuk^q — {ujQ + A;t^oo)||c"((35) ^ \ \^gk,q ~ ^o||c"((35) + k\Wk,q — t^oo| Iccss) 

— I \^gk,q ~ ^oWc^iuJo) + k\Wk,q — t^ool |c°(fcwoo) 
= W^gk.q ~ ^^o||c""(a;o) + \ Wk,q " t^oo 1 1 (t^oo ) 

= 0(^1). 
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Notice that by definition, we have 

IKft.g -^o||c«(c.o) = 0{k~^), 

□ 

7. Proof of the main theorem 

In this section, we prove Theorem II. 2 [ In order to do that, we want to 
apply Theorem I4.6[ Hence, we need to construct a sequence of almost 
balanced metrics on FE*, OpE*(l) L^''. Also, we need to show that 
¥E* has no nontrivial holomorphic vector fields. 

Proposition 7.1. Let E be a holomorphic vector bundle over a com- 
pact Kdhler manifold X. Suppose that X has no nonzero holomorphic 
vector fields. If E is stable, then ¥E* has no nontrivial holomorphic 
vector fields. 

Proof. Let TF be the sheaf of tangent vectors to the fibre of tt. We 
have the following exact sequence over FE: 

O^TF ^ TFE* 7r*TX 0. 
This gives the long exact sequence 

H^{FE*, TF) H^{FE*, TFE*) H^{FE*, tt*TX) ^ ... 
Since H%FE*,7r*TX) = , we have 

H^{FE\TF) ^ H\FE*,TFE*) 

On the other hand, tt^TF may be identified with the sheaf of trace free 
endomorphisms of E. Therefore by simplicity of (cf. jK]) 

H^{FE*,TF) ^ H"{X,TT^TF) = 0. 

□ 

Proof of Theorem Since Chow stability is equivalent to the exis- 
tence of balanced metric, it suffices to show that (FE*, Cp^;. (l)(8)7r*L*^) 
admits balanced metric for k ^ 0. Fix a positive integer q. From 
now on we drop all indexes q for simplicity. Let ak = (Jk,q be a met- 
ric on L such that Ric{ak) = Vk-, where Vk = Vk,q is the one in the 
statement of Theorem 12.11 Let ti,...,t]\f be an orthonormal basis for 
H^iFE*, O^E*il)®L^) w.r.t. L\gk^crf, ^^^i^±^^hr^) , Thus, Corol- 
lary 16.21 implies 
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Define g^. = ^{1 + ek)~^gk. We have 

This imphes that the metric g'j^ is the Fubini-Study metric on Ope* (I)® 
induced by the embedding it : P-E* P^~\ where t = {ti, ...,1^). 
We prove that this sequence of embedding is almost balanced of order 
q, i.e 



where M^*^) = [Mij] is a trace free hermitian matrix, ' 
A; ^ oo and ||MW||op = 0(A;-«-i). 



M. 



(fe) 



n+r—l 



{ti,t 



VE* 



(m + r — 1)! 



k J WE* 



(m + r — 1)! ' 



where 



By a unitary change of basis, we may assume without loss of generality 
that the matrix M*^*^) is diagonal. Thus 

l|M(^)|U<^||A(i + 6,)-^-i|U.. 

On the other hand, 

< ||log(l + efc)||c2(c.„). 
<-log(l-C||efc||cVo)) 



Therefore, 

\\fk-l\ 



9k 



9k 



m+r-1 m+r-1 , , 
UJ I — gk — -'■ 



9k 



m+r—1 



m+r—1 



9k 
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This implies that 

\\fk-l\\oo<Ck-'^-\ 



since 



m + r — 1 
-^0 



m + r — 1 



is bounded. Hence 

\\fk{l + ekr'-l\\<C'k~''-\ 

Therefore 

||M('=)||op = 0(A:-^-i). 

Proposition 17.11 imphes that FE* has no nontrivial holomorphic vec- 
tor fields. Therefore, applying Theorem 14.61 and fl6.6p conclude the 
proof. 

□ 

Remark 7.2. Since FE* has no nontrivial holomorphic vector fields, 
the sequence u]^^^ of balanced metrics in the class of OpE*{l) ® L'^'' 
is unique. Define the sequence of metrics = cj^'^' — ku^o in the 
class of Op£;*(l). A natural question is whether Qk converges to uq as 
k ^ oo. If dime X = 1, then it is easy to see that Qk converges to cuq 
in C°°-norm as A; ^ oo. In general, we have 

The first term has order of 0{k^^) by (14.61) and the second term is of 
order 0(1). Therefore, in higher dimension one gets 

W^k — ^oWcPiiJo) = 0(1), 

for any positive integer p. It is not clear that whether one can find a 
sharper estimate with these methods. 
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